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A long-standing problem in Algebraic Geometry and Commutative
Algebra is to determine the minimal graded free resolution of a 0-
dimensional scheme Z in Pn or in an arbitrary projective variety X .
In [18], M. Mustat¸a˘ (1998) predicted the graded Betti numbers of
the minimal free resolution of a general set of distinct points Z
in X . In this paper, we state a reﬁned version of Mustat¸a˘’s con-
jecture (MRC) and we predict the existence of a non-empty open
subset U ⊂ Hilbs(X) such that any [Z ] ∈ U has a minimal graded
free resolution without ghost terms (WMRC). In this paper, we are
going to prove: (1) for any s  (d+33 ) − 1 there exists a (d+22 )-
dimensional family of irreducible generically smooth surfaces of
degree d in P3 satisfying the WMRC for s; and (2) any smooth
cubic surface satisﬁes the MRC for any s 19.
© 2012 Elsevier Inc. All rights reserved.
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Let X ⊂ Pn be a projective variety and let Z ⊂ X be a set of distinct points on X with homoge-
neous ideal I(Z). A very long-standing problem in Algebraic Geometry and Commutative Algebra
is to determine the Hilbert function of k[x0, x1, . . . , xn]/I(Z). Then a much more subtle question
is to understand all of the syzygies of I(Z), i.e. to ﬁnd the minimal graded free resolution of
k[x0, x1, . . . , xn]/I(Z) or, at least, the graded Betti numbers bi, j(Z) of Z . The graded Betti numbers
carry out information about the geometry of Z and X and they are deﬁned as the dimension over
k of Tori(k[x0, x1, . . . , xn]/I(Z),k)i+ j . For instance, if I is a complete intersection, then its minimal
graded free resolution is given by the Koszul resolution. In [18], M. Mustat¸a˘ made a conjecture which
generalizes the Minimal Resolution Conjecture (MRC) for points in Pn stated by A. Lorenzini in [12].
Grosso modo the MRC says that the graded minimal free resolution of a general set Z of s distinct
points in Pn has no ghost terms, i.e. bi+1, j(Z) ·bi, j+1(Z) = 0 for all i, j. The conjecture holds for n 4
([2] and [19]) and for large values of s for any n [7] but it fails for all n 6, n = 9 [4].
In [18], M. Mustat¸a˘ introduced a generalized version of MRC for distinct points in arbitrary projec-
tive varieties (see [18] and Section 2 for a precise statement). Mustat¸a˘’s conjecture has been proved to
hold for a general set of distinct points of suﬃciently large degree on a canonical curve X ⊂ Pn [18],
for any general set of distinct points on a smooth quadric surface in P3 [6], and for general sets of
distinct points of certain speciﬁc cardinality on a smooth cubic surface [3]. In this paper, we address
Mustat¸a˘’s conjecture for a general set of s 19 distinct points on a smooth cubic surface in P3 and a
reﬁned version of Mustat¸a˘’s conjecture (see Conjecture 1.2) for 0-dimensional schemes on surfaces in
P3 of arbitrary degree.
Let Hilbs(X) be the Hilbert scheme parameterizing 0-dimensional subschemes of X of length s and
let Hs0 be the irreducible component whose general points correspond to a set Z of s distinct points
on X . Since, in general, Hilbs(X) is not irreducible [9], we can also search the minimal graded free
resolution of the homogeneous ideal of the 0-dimensional scheme associated to a general point of any
other irreducible component of Hilbs(X) and ask if the Betti numbers are as smallest as possible, i.e.
there are no ghost terms. More precisely, we distinguish two conjectures. Mustat¸a˘’s conjecture [18]
Conjecture 1.1. Let X ⊂ Pn be a projective variety, let P X (t) be its Hilbert polynomial and m = reg(X). Let s
be an integer such that P X (r − 1)  s < P X (r) for some r m + 1. Then, there is a non-empty open subset
U s0 ⊂ Hs0 ⊂ Hilbs(X) such that for any [Z ] ∈ Us0 we have
bi+1,r−1(Z) · bi,r(Z) = 0 for i = 1, . . . ,n − 1.
and the following modiﬁcation
Conjecture 1.2. Let X ⊂ Pn be a projective variety, let P X (t) be its Hilbert polynomial and m = reg(X). Let s
be an integer such that P X (r − 1)  s < P X (r) for some r m + 1. Then, there is an irreducible component
Hs ⊂ Hilbs(X) and a non-empty open subset U s ⊂ Hs ⊂ Hilbs(X) such that for any [Z ] ∈ Us we have
bi+1,r−1(Z) · bi,r(Z) = 0 for i = 1, . . . ,n − 1.
In the cases where Hilbs(X) is irreducible both conjectures agree (see [17] for a discussion about
the irreducibility of Hilbs(X)). Otherwise, any contribution to one of them will be interesting per se
since it will be a signiﬁcant contribution to the non-trivial problem of determining the minimal free
graded resolution of 0-dimensional schemes on projective varieties.
In this paper, we address both conjectures for surfaces in P3 and we prove: (1) For any integer
d  2 and for any s 
(d+3
3
) − 1, there exists a (d+22 )-dimensional family of irreducible generically
smooth surfaces X ⊂ P3 of degree d satisfying Conjecture 1.2; and (2) a general set of s 19 distinct
points on any smooth cubic in P3 satisﬁes Mustat¸a˘’s conjecture.
The idea of the proof is to tackle independently the following two weaker conjectures: the Ideal
Generation Conjecture (IGC for short) and the Cohen–Macaulay type conjecture (CM-type conjecture for
306 R.M. Miró-Roig, J. Pons-Llopis / Journal of Algebra 357 (2012) 304–318short). Let X ⊂ Pn be a projective variety. Grosso modo, the IGC says that there is a non-empty open
subset Us ⊂ Hilbs(X) such that for any [Z ] ∈ Us the number of generators of I(Z) is as small as
possible; and the CM-type conjecture says there is a non-empty open subset Us ⊂ Hilbs(X) such that
for any [Z ] ∈ Us the number of generators of the canonical module K Z := Ext3R(R/I(Z), R(−4)) is also
as small as possible. Notice that in P3 the IGC implies that b1,r(Z)b2,r−1(Z) = 0 and the CM-type
conjecture implies that b2,r(Z)b3,r−1(Z) = 0 where r is such that P X (r − 1) |Z | < P X (r) and P X (t)
is the Hilbert polynomial of X . Therefore the truth of both conjectures implies the MRC.
The paper is organized as follows. In the ﬁrst section, we recall the basic facts about the shape
of the Betti diagram for 0-dimensional schemes on a projective variety, Mustat¸a˘’s conjecture as well
as the main techniques that we will use to prove our main results. Section 3 is the heart of the
paper and it is devoted to prove Mustat¸a˘’s conjecture for general sets of s 19 distinct points on any
smooth cubic in P3 (see Theorem 3.10) and the existence of inﬁnitely many irreducible generically
smooth surfaces of degree d in P3 satisfying Conjecture 1.2 (see Theorem 3.8).
Short before the end of the writing of this paper we were informed that Migliore and Patnott were
able to prove the Minimal Resolution Conjecture for sets of general distinct points of any cardinality
on a cubic surface X ⊆ P3 given that X is smooth or it has at most isolated double points (see [14,
Theorem 1]). We are very grateful to J. Migliore for sending their paper to us, and for the helpful
discussions we have had.
Notation 1.3. Throughout this paper k will be an algebraically closed ﬁeld of characteristic zero, R =
k[x0, x1, . . . , xn] and Pn = Proj(R).
Given a closed subscheme X ⊂ Pn , we denote by I X its ideal sheaf and I(X) ⊂ R its homoge-
neous saturated ideal, i.e. I(X) :=⊕t∈Z H0(Pn, I X (t)). The Hilbert polynomial of X will be denoted
by P X (t) ∈ Q[t] and the regularity of X is deﬁned to be the regularity of I X , i.e. reg(X) m if and
only if Hi(Pn, I X (m − i)) = 0 for i  1.
Given a graded k-algebra A = R/I , the Hilbert function of A is denoted by HA(t) := dimk At . If
A is a graded Artinian k-algebra then its Hilbert function has ﬁnite support and is captured in its
h-vector h = (h0,h1, . . . ,he) where ht = HA(t) > 0 and e is the last index with this property. The socle
of a graded Artinian k-algebra A is deﬁned as the annihilator of the homogeneous maximal ideal
m= (x1, . . . , xn) A, namely soc(A) = {a ∈ A | am= 0}. We will say that an Artinian k-algebra A has
socle degrees (s1, . . . , st) if the minimal generators of its socle (as R-module) have degrees s1  · · · st .
Thus, the number of s j ’s that equal i is the dimension of the component of the socle of A in degree i.
We say that A is level of type c if the socle soc(A) of A is of dimension c and is concentrated in one
degree.
By a general homogeneous polynomial of degree d, we mean a polynomial in a suitable Zariski
open and dense subset of Rd .
2. Preliminaries
In this section, we write down the minimal resolution for points on a projective variety stated by
Mustat¸aˇ, a reﬁnement of this conjecture and the techniques and results that we will use through the
paper.
Deﬁnition 2.1. Let X ⊂ Pn be a subscheme and let
F•: 0 → Fn+1 dn+1−→ Fn → ·· · → F1 d1−→ F0 d0−→ R/I(X) → 0
be its minimal graded free resolution. The graded Betti numbers bij(X) are deﬁned as
Fi =
⊕
j∈Z
R(−i − j)bij(X), i.e. bij(X) = dimk Tori
(
R/I(X),k
)
i+ j
and the Betti diagram of X has in the (i, j)-th position the Betti number bij(X).
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di do not have any non-zero scalar.
Let X ⊂ Pn be an irreducible projective variety of dimension  1 and let Z be a general set of s
distinct points on X with P X (r − 1) s < P X (r) and r  reg(X) + 1. In [18], M. Mustat¸a˘ proved that
the ﬁrst rows of the Betti diagram of Z coincide with the Betti diagram of X and that there are two
extra non-trivial rows at the bottom. He also gave lower bounds for the Betti numbers in these last
two rows and the Minimal Resolution Conjecture (MRC) for points on a projective variety states that
these lower bounds are attained for a general set of distinct points. More precisely, in [18, p. 64],
M. Mustat¸a˘ states the following theorem:
Theorem 2.3. Let X ⊂ Pn be a projective variety with d = dim(X) 1, reg(X) =m and with Hilbert polyno-
mial P X . Let s be an integer with P X (r − 1)  s < P X (r) for some r m + 1 and let Z be a set of s general
distinct points on X. Let
0 → Fn → Fn−1 → ·· · → F2 → F1 → R → R/I(X) → 0
be a minimal free graded R-resolution of R/I(X). Then R/I(Z) has a minimal graded free R-resolution of the
following type
0 → Fn ⊕ R(−r − n + 1)bn,r−1 ⊕ R(−r − n)bn,r → ·· · → F2 ⊕ R(−r − 1)b2,r−1 ⊕ R(−r − 2)b2,r
→ F1 ⊕ R(−r)b1,r−1 ⊕ R(−r − 1)b1,r → R → R/I(Z) → 0.
Then, M. Mustat¸a˘ conjectured the following:
Conjecture 2.4. With the notations from the previous theorem, the Minimal Resolution Conjecture (MRC
for short) holds for the value s if for every set Z of s general distinct points we have
bi+1,r−1(Z)bi,r(Z) = 0 for i = 1, . . . ,n − 1.
In the particular case X = Pn this conjecture coincides with the original conjecture proposed by
A. Lorenzini in [12]. Mustat¸a˘’s conjecture holds for every X when s = P X (r − 1) or P X (r) − 1 [18],
for any set of general distinct points on a smooth quadric [6], for any set of general distinct points
on a canonical curve [18], and for a general set of distinct points of certain sparse cardinalities on a
smooth cubic surface [3]. We are going to prove it for any general set of s  19 distinct points on a
smooth cubic surface in P3 (see Theorem 3.10).
Since, in general, Hilbs(X) is not irreducible, we are led to propose the following reﬁnement of
Mustat¸a˘’s conjecture
Conjecture 2.5. Let X ⊂ Pn be a projective variety, let P X (t) be its Hilbert polynomial and m = reg(X). Let
s be an integer such that P X (r − 1)  s < P X (r) for some r m + 1. Then, the Weak Minimal Resolution
Conjecture (WMRC) holds for s if there is an irreducible component Hs ⊂ Hilbs(X) and a non-empty open
subset U s ⊂ Hs ⊂ Hilbs(X) such that for any [Z ] ∈ Us we have
bi+1,r−1(Z) · bi,r(Z) = 0 for i = 1, . . . ,n − 1.
First of all notice that for any [Z ] ∈ Hilbs(X) the Hilbert function of R/I(Z) veriﬁes
HR/I(Z)(t)min
{
HR(X)(t), s
}
for all t.
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function is given by the formula
HR/I(Z)(t) = min
{
HR(X)(t), s
}
for all t. (1)
Remark 2.6. It is easy to check that Theorem 2.3 works if we replace “Z a set of s general distinct
points on X” by “Z a 0-dimensional subscheme of X with Hilbert function given by the formula (1)”.
In the case of Hilbs(X) irreducible Mustat¸a˘’s conjecture and Conjecture 2.5 coincide. Conjecture 2.5
holds for certain del Pezzo surfaces (see [15]) and in this paper we are going to prove that it holds
for a
(d+2
2
)
-dimensional family of irreducible generically smooth surfaces of degree d in P3.
As a ﬁrst approach it is of interest to focus the attention on certain parts of the resolution. The
last part of the resolution is usually called the Cohen–Macaulay type conjecture (CM-type conjecture)
which says that the expected graded Betti numbers do appear at the end of the minimal free graded
resolution. At the other extreme, we have the Ideal Generation Conjecture (IGC) which says that the
expected graded Betti numbers do appear at the beginning of the minimal free graded resolution. We
will address these two conjectures for the case of 0-dimensional schemes on a surface in P3 and we
will see that, in this particular case, to control the Betti numbers that appear at the end and at the
beginning of the resolution completely determines the middle part of the resolution.
A crucial tool for solving the CM-type conjecture is the idea of relatively compressed algebra.
A graded Artinian algebra R/I is said to be relatively compressed with respect to J if it is a quotient
of R/ J having maximal Hilbert function among all graded Artinian algebras with ﬁxed socle degrees
(cf. [13]). It is an open problem to ﬁnd the Hilbert function of a relatively compressed (level) Artinian
algebra and beyond ﬁnding the Hilbert function, a much more subtle question is to understand all of
the syzygies of a relatively compressed (level) Artinian algebra. Fortunately, for us it will be enough
to have the Hilbert function of Artinian graded level algebras R/I relatively compressed with respect
to J = ( f ), f ∈ Rd . To state our result we will use the theory of inverse systems as it is introduced in
[10] and [11] and refer to these sources for the necessary background.
Let us recall some basic facts on Macaulay–Matlis duality which will allow us to relate the above
mentioned problems. Set R := k[x0, x1, . . . , xn] and R := k[y0, y1, . . . , yn]. We consider the action of
R on R by partial differentiation [11, p. 476]
R j ×Ri −→Ri− j,
(u, F ) 	→ u · F
making R into a graded R-module, where if u(x0, x1, . . . , xn) ∈ R and F (y0, y1, . . . , yn) ∈R, then
u · F = u(∂/∂ y0, ∂/∂ y1, . . . , ∂/∂ yn)F .
If I ⊂ R is a homogeneous ideal, we deﬁne the Macaulay’s inverse system I−1 for I as
I−1 := {F ∈R | u · F = 0 for all u ∈ I}.
I−1 is an R-submodule of R which inherits a grading of R. Conversely, if M ⊂R is a graded sub-
module, then Ann(M) := {u ∈ R | u · F = 0 for all F ∈ M} is a homogeneous ideal in R . The pairing
Ri ×Ri −→ k, (u, f ) 	→ u · F
is exact; it is called the Macaulay–Matlis duality action of R on R. Moreover, for any integer i, we
have hR/I (i) = dimk(R/I)i = dimk(I−1)i . The following theorem is fundamental.
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{Homogeneous ideals I ⊂ R} {Graded R-submodules ofR},
I → I−1,
Ann(M) ← M.
Moreover, I−1 is a ﬁnitely generated R-module if and only if R/I is an Artinian ring.
Note that a type s Artinian level algebra A = R/I of socle degree d corresponds via the Macaulay–
Matlis duality to a unique s-dimensional vector space in Rd which is nothing but I−1. We have
Proposition 2.8. Let R := k[y0, y1, . . . , yn] be the R-module deﬁned above, and consider μ general forms
F1, . . . , Fμ ∈R of degree d1, . . . ,dμ , respectively. For any integer c  0, the subspace of Rc generated by
Rd1−c F1, . . . , Rdμ−c Fμ has dimension equal to
min{dimkRc,dimkRd1−c + · · · + dimkRdμ−c}. (2)
Proof. See [11, Proposition 3.4]. 
The above proposition tells us that generic forms have derivatives as independent as they can be.
Hence, they give rise to compressed Artinian algebras.
Example 2.9. (1) Take M = 〈y30 y1 + y20 y21 + y1 y32, y30 y2 + y20 y21 + y20 y1 y2 + y31 y2〉 ⊂ R. Then I =
Ann(M) = (x30x1 − x32x1, x30x2 − x31x2) and A = R/I is an Artinian level graded algebra with socle de-
gree 4 and type 2. Its h-vector is 1 3 6 6 2.
(2) Let G = y20 y21 y22 ∈R6. Then I = Ann((G)) = (x30, x31, x32) and A = R/I is an Artinian complete
intersection with h-vector 1 3 6 7 6 3 1.
(3) Take M = 〈y50 + y51, y20 y32〉 ⊂R. Then I = Ann(M) = (x0x1, x1x2, x30x3, x43, x50 − x51) and A = R/I
is an Artinian level graded algebra with socle degree 5 and type 2. The h-vector of A is 1 3 4 5 4 2.
Note that only the ﬁrst example corresponds to a compressed Artinian graded. In fact, a com-
pressed Artinian level graded algebra A with socle degree s and socle dimension c has Hilbert function
(cf. [11])
HA(t) = min{dim Rt, c · dim Rs−t}.
For the Hilbert function of a graded level Artinian algebra A that is relatively compressed with
respect to a complete intersection J ⊂ R , we have
Lemma 2.10. Let A = R/I be a graded level Artinian algebra of socle degree s, type c and relatively compressed
with respect to a complete intersection J ⊂ R. Then
HA(t)min
{
dim(R/ J )t, c · dim(R/ J )s−t
}
.
Proof. See [13, Lemma 2.13]. 
Example 2.11. We consider 30 general distinct points Z ⊂ P3 on a smooth quadric Q ⊂ P3. The
h-vector of X is 1 3 5 7 9 5 and I(Z) has a minimal free R-resolution of the following type [6]:
0 → R(−8)5 → R(−6)5 ⊕ R(−7)6 → R(−2) ⊕ R(−5)6 → R → R/I(Z) → 0.
310 R.M. Miró-Roig, J. Pons-Llopis / Journal of Algebra 357 (2012) 304–318Hence, the Artinian reduction of R/I(Z) is an Artinian level algebra with embedding dimension 3,
socle degree 5, type 5 and relatively compressed with respect to the ideal generated by a form of
degree 2.
We end this section with a lemma due to Mustat¸a˘ which controls how the bottom lines of the
Betti diagram of a set of general points on a projective variety change when we add another general
point.
Lemma 2.12. Let X ⊂ Pn be a projective variety with d = dim(X) 2, reg(X) =m and with Hilbert polyno-
mial P X . Let s be an integer with P X (r − 1) s < P X (r) for some r m+ 1, let Z be a set of s general points
on X and let p ∈ X \ Z be a general point. We have
(i) bi,r−1(Z) bi,r−1(Z ∪ {p}) for every i.
(ii) bi,r(Z) bi,r(Z ∪ {p}) for every i.
Proof. See [18, Proposition 1.7]. 
Remark 2.13. It is easy to check that Lemma 2.12 works if we replace “Z a set of s general distinct
points on X” by “Z a 0-dimensional subscheme of X with Hilbert function given by the formula (1)”.
3. Minimal resolution conjecture for points on surfaces
In this section, we set Pd(t) =
(t+3
3
)− (t+3−d3 ) the Hilbert polynomial of a surface X ⊂ P3 deﬁned
by a homogeneous polynomial f of degree d, reg(X) := d and R(X) = R/( f ). We are going to prove:
(1) for any s Pd(d) there exists a
(d+2
2
)
-dimensional family of irreducible generically smooth surfaces
of degree d in P3 satisfying the WMRC for s; and (2) any smooth cubic surface satisﬁes the MRC for
any s 19.
Remark 3.1. Notice that we bounded ourselves to consider 0-dimensional schemes Z ⊆ X of length
s Pd(d) in order to ﬁt with the conditions under which the MRC was stated by Mustat¸aˇ in [18].
Let s be an integer such that Pd(r−1) s < Pd(r) for some r  reg(X)+1 = d+1 and let Z ⊂ X be
a 0-dimensional scheme with Hilbert function given by the formula (1). First, we are going to address
the Ideal Generation Conjecture (IGC) which essentially says that the minimal number of generators
of I(Z) should be as small as possible, i.e. the conjecture predicts that the morphism
(
I(Z)/( f )
)
r ⊗ R(X)1 −→
(
I(Z)/( f )
)
r+1
should have maximal rank. In particular, when dim(I(Z)/( f ))r ⊗ R(X)1  dim(I(Z)/( f ))r+1 then
there should be no linear syzygies among the generators, and when dim(I(Z)/( f ))r ⊗ R(X)1 
dim(I(Z)/( f ))r+1 then I(Z)/( f ) should have no generators in degree r + 1.
To be more precise, we deﬁne νr(s) := Pd(r) − s and we denote by g1, . . . , gνr(s) the νr(s) gen-
erators of I(Z) of degree r. The IGC says that if 3νr(s)  Pd(r + 1) − Pd(r) =
(r+3
2
) − (r+3−d2 ), then
I(Z) is generated by f and g1, . . . , gνr(s); if 3νr(s) < Pd(r + 1) − Pd(r) and we deﬁne νr+1(s) =
Pd(r+1)− Pd(r)−3νr(s) then we must add νr+1(s) generators of degree r+1 to f and g1, . . . , gνr (s)
in order to get a minimal set of generators of I(Z). Therefore, we have the following formula for the
conjectured value of the minimal number of generators of Z :
ν(Z) = max{1+ Pd(r) − s,1+ Pd(r + 1) − 3νr(s) − s}.
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(d+3
3
) − 1, there exists a (d+22 )-dimensional family of irreducible generically
smooth surfaces X ⊂ P3 of degree d and a non-empty open subset U s ⊂ Hilbs(X) such that any [Z ] ∈ Us
satisﬁes the IGC.
Proof. Set S = k[x0, x1, x2] and R = k[x0, x1, x2, x3]. By semicontinuity, to prove the result, it suﬃces
to explicitly construct, for any irreducible normal surface X ⊂ P3 deﬁned by a general form f ∈ Sd ,
a 0-dimensional subscheme [Z ] ∈ Hilbs(X) satisfying the IGC. To this end, we choose an integer r such
that
Pd(r − 1) =
(
r + 2
3
)
−
(
r + 2− d
3
)
 s < Pd(r) =
(
r + 3
3
)
−
(
r + 3− d
3
)
and as before we denote by νr(s) = Pd(r)− s. If s = Pd(r)− 1, the result is known by [18, Example 2].
So, we assume νr(s) 2 and we distinguish two cases:
Case 1: 3νr(s) Pd(r + 1)− Pd(r). First, we choose νr(s) general forms g1, . . . , gνr(s) ∈ Sr such that
dim S1〈g1, . . . , gνr(s)〉 = 3νr(s). They exist by [8, Theorem 1]. Now, we choose a general form f ∈ Sd .
By [1, Corollary 4.14], the natural map
(
S/(g1, . . . , gνr(s))
)
t
× f−→ (S/(g1, . . . , gνr(s)))t+d
has maximal rank for all t  0. Therefore, the starting values of the Hilbert function of the Artinian
(note that μ( J0) 3) ideal J0 := ( f , g1, . . . , gνr(s)) ⊂ S are
HS/ J0(t) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
(t+2
2
)
if t < d,(t+2
2
)− (t+2−d2 ) if d t < r,(r+2
2
)− (r+2−d2 )− νr(s) if t = r,(r+3
2
)− (r+3−d2 )− 3νr(s) if t = r + 1.
Set νr+1(s) := HS/ J0(r + 1) and choose νr+1(s) forms h1, . . . ,hνr+1(s) ∈ Sr+1 such that h1, . . . ,hνr+1(s)
is a k-basis of (S/ J0)r+1. Consider the Artinian ideal J := J0 + (h1, . . . ,hνr+1(s)) ⊂ S . We have
HS/ J (t) =
{
HS/ J0(t) if t  r,
0 if t  r + 1. (3)
Therefore, I := J R ⊂ R deﬁnes a 0-dimensional scheme Z of length s which lies on the surface of
degree d deﬁned by f and I(Z) = I = ( f , g1, . . . , gνr(s),h1, . . . ,hνr+1(s)) which proves what we want.
(Note that HR/I (t) = HS/ J (t) for all t .)
Case 2: 3νr(s) > Pd(r + 1) − Pd(r). In this case, we choose a general form f ∈ Sd and νr(s) general
forms g1, . . . , gνr(s) ∈ Sr . By [1, Corollary 4.14], J = ( f , g1, . . . , gνr(s)) ⊂ S is an Artinian ideal with
Hilbert function
HS/ J (t) =
⎧⎨
⎩
HR(X)(t) if t < r,
HR(X)(t) − νr(s) if t = r,
0 if t > r.
Therefore, I := J R ⊂ R deﬁnes a 0-dimensional scheme Z of length s which lies on the surface of
degree d deﬁned by f and I(Z) = I = ( f , g1, . . . , gνr(s)). (Note that HR/I (t) = HS/ J (t) for all t .) 
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tion 3.2, Case 1, has the following minimal graded free resolution:
0 → S(−r − 3)b3,r → S(−r − 2)b2,r → S(−d) ⊕ S(−r)νr(s) ⊕ S(−r − 1)νr+1(s) → J → 0 (4)
where b3,r = HS/ J (r) and b2,r = b3,r + νr(s) + νr+1(s). In particular it has the shape predicted by the
MRC.
We are now going to address the Cohen–Macaulay type conjecture, i.e., the expected graded Betti
numbers do appear at the end of the resolution.
Proposition 3.4. For any s 
(d+3
3
) − 1, there exists a (d+22 )-dimensional family of irreducible generically
smooth surfaces X ⊂ P3 of degree d and a non-empty open subset U s ⊂ Hilbs(X) such that any [Z ] ∈ Us
satisﬁes the CM-type conjecture.
Proof. Set S = k[x0, x1, x2], R = k[x0, x1, x2, x3] and S = k[y0, y1, y2]. Again, by semicontinuity, it suf-
ﬁces to explicitly construct, for any irreducible normal surface X ⊂ P3 deﬁned by a general form
f ∈ Sd , a 0-dimensional subscheme [Z ] ∈ Hilbs(X) satisfying the CM-type conjecture. First, we choose
an integer r such that
Pd(r − 1) =
(
r + 2
3
)
−
(
r + 2− d
3
)
 s < Pd(r) =
(
r + 3
3
)
−
(
r + 3− d
3
)
and we deﬁne ρr(s) = s − Pd(r − 1). We distinguish two cases:
Case 1: 3ρr(s)  Pd(r − 1) − Pd(r − 2). Set ρ0 := min{ρr(s) | 3ρr(s)  Pd(r − 1) − Pd(r − 2)} and
s0 = Pd(r −1)+ρ0. We will ﬁrst construct a 0-dimensional scheme Z0 ⊂ X of length s0 satisfying the
CM-type conjecture. To this end, we take f ∈ Sd a general form of degree d deﬁning a smooth plane
curve C . The Hilbert function of S/( f ) is given by
HS/( f )(t) =
{(t+2
2
)
if 0 t  d − 1,(t+2
2
)− (t+2−d2 ) if t  d.
Set α := HS/( f )(r − 1) = Pd(r − 1) − Pd(r − 2) and write α = 3λ + μ with 0  μ  2 (note that
ρ0 − 1 λ ρ0). We choose on C a set T of α general points. So, the Hilbert function of T is
HS/I(T )(t) =
{
HS/( f )(t) if 0 t  r − 1,
α if t  r − 1.
If μ = 0, we choose λ disjoint sets T1, . . . , Tλ ⊂ T such that T =⋃λi=1 Ti and |Ti | = 3 for 1 i  λ.
If μ > 0, we choose λ + 1 disjoint sets T1, . . . , Tλ, Tλ+1 ⊂ T such that T = ⋃λ+1i=1 Ti , |Ti | = 3 for
1 i  λ and |Tλ+1| = μ. If the points are general enough the points in Ti , 1 i  λ, are not collinear
and we have
HS/I(Ti)(t) =
{
1 if t = 0
3 if t  1
for 1 i  λ; and
HS/I(Tλ+1)(t) =
{
1 if t = 0,
μ if t  1.
Now let J i ⊂ S , 1  i  λ + 1, be general Gorenstein ideals containing I(Ti), 1  i  λ + 1, re-
spectively, whose quotients S/ J i each are Artinian of socle degree r. We construct J i with S/ J i
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and deﬁning J i := Ann(gi). By [11, Lemma 1.17], we have that the Hilbert function of S/ J i is
given by min(dim St , |Ti |,dim Sr−t). The intersection J := ⋂λi=1 J i , with I(C) = ( f ) ⊂ J ⊂ S , (resp.
I(C) ⊂ J := ⋂λ+1i=1 J i ⊂ S) if μ = 0 (resp. μ > 0) gives an Artinian level algebra S/ J with Hilbert
function
HS/ J (t) =
⎧⎨
⎩
HR(X)(t) if t < r,
ρ0 if t = r,
0 if t > r.
Therefore, I := J R ⊂ R deﬁnes a 0-dimensional scheme Z0 of length s0 which lies on the sur-
face of degree d deﬁned by f and satisﬁes the CM-type conjecture. In fact, b3,r I(Z0) = ρ0 and
b3,r−1 I(Z0) = 0. (Note that HR/I (t) = HS/ J (t) for all t .)
The case s > s0 easily follows from the case s0. In fact, let K j , 1 j  s − s0, be a general Goren-
stein ideal of socle degree r and containing I(C) (we construct K j by choosing a general enough
element h j ∈ (I(C)r)⊥ ∩ Sr and deﬁning K j := Ann(h j)). Then I(C) ⊂ K := J ∩⋂s−s0j=1 K j ⊂ S gives an
Artinian level algebra S/K with Hilbert function
HS/K (t) =
⎧⎨
⎩
HR(X)(t) if t < r,
ρr(s) if t = r,
0 if t > r,
and I := K R ⊂ R deﬁnes a 0-dimensional scheme Zs of length s which lies on the surface of degree d
deﬁned by f and satisﬁes the CM-type conjecture. In fact, b3,r I(Zs) = ρr(s) and b3,r−1 I(Z0) = 0.
Case 2: 3ρr(s) < Pd(r − 1) − Pd(r − 2). In this case, we take f ∈ Sd a general form of degree d
deﬁning a smooth plane curve C and a set T of α general points on C being α := HS/( f )(r − 1) =
Pd(r − 1) − Pd(r − 2). So, the Hilbert function of T is
HS/I(T )(t) =
{
HS/( f )(t) if 0 t  r − 1,
α if t  r − 1.
Deﬁne ρr−1(s) := α − 3ρr(s) > 0. We choose ρr(s) disjoint sets of three no collinear points
T1, . . . , Tρr (s) ⊂ T and set {p1, . . . , pρr−1(s)} := T \
⋃ρr(s)
i=1 Ti . We have
HS/I(Ti)(t) =
{
1 if t = 0
3 if t  1
for 1 i  ρr(s); and
HS/I(pi)(t) = 1 for all t  1 and 1 i  ρr−1(s).
Now let J i ⊂ S , 1 i  ρr(s), be general Gorenstein ideals containing I(Ti), 1 i  ρr(s), respec-
tively, whose quotients S/ J i each are Artinian of socle degree r. We construct J i as follows: For
any integer 1  i  ρr(s), we choose a general enough element gi ∈ (I(Ti)r)⊥ ∩ Sr and we deﬁne
J i := Ann(gi) ⊂ S . The J i are general Gorenstein ideals containing I(Ti) and the quotients S/ J i are
Artinian of socle degree r. For any integer 1  j  ρr−1(s), we choose a general enough element
h j ∈ (I(p j)r−1)⊥ ∩Sr−1 and we deﬁne K j := Ann(h j) ⊂ S . K j are general Gorenstein ideals containing
I(p j) and the quotients S/K j are Artinian of socle degree r − 1. By [11, Lemma 1.17], we have that
the Hilbert function of S/ J i is given by min(dim St ,3,dim Sr−t) and the Hilbert function of S/ J i is
given by min(dim St ,1,dim Sr−1−t) The intersection
J :=
ρr(s)⋂
i=1
J i ∩
ρr−1(s)⋂
j=1
K j ⊂ S
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ρr−1(s)︷ ︸︸ ︷
r − 1, . . . , r − 1,
ρr (s)︷ ︸︸ ︷
r, . . . , r) and the Hilbert function
HS/ J (t) =
⎧⎨
⎩
HR(X)(t) if t < r,
ρr(s) if t = r,
0 if t > r.
Therefore, I := J R ⊂ R deﬁnes a 0-dimensional scheme Z of length s which lies on the surface
of degree d deﬁned by f and Z satisﬁes the CM-type conjecture. In fact, b3,r(I(Z)) = ρr(s) and
b3,r−1(I(Z)) = ρr−1(s) which are the expected graded Betti numbers at the end of the minimal reso-
lution of I(Z). 
Deﬁnition 3.5. A 0-dimensional scheme Z on a surface X ⊂ P3 is said to be level of type ρ if the last
module in its minimal graded free resolution has rank ρ and is concentrated in only one degree.
Remark 3.6. (i) It is important to point out that the ideal J ⊂ S = k[x0, x1, x2] (resp. K ⊂ S =
k[x0, x1, x2]) constructed in Proposition 3.4, Case 1, is level of type ρ0 (resp. ρr(s)) and has the fol-
lowing minimal graded free resolution:
0 −→ S(−r − 3)ρ0 −→ S(−r − 1)b2,r−1 ⊕ S(−r − 2)b2,r
−→ S(−d) ⊕ S(−r)b1,r−1 ⊕ S(−r − 1)b1,r −→ J −→ 0, (5)(
resp. 0 −→ S(−r − 3)ρr(s) −→ S(−r − 1)b2,r−1 ⊕ S(−r − 2)b2,r
−→ S(−d) ⊕ S(−r)b1,r−1 ⊕ S(−r − 1)b1,r −→ J −→ 0). (6)
(ii) The ideal J ⊂ S = k[x0, x1, x2] constructed in Proposition 3.4, Case 2, is not level since it has
the following minimal graded free resolution:
0 −→ S(−r − 3)ρr(s) ⊕ S(−r − 2)ρr−1(s) −→ S(−r − 1)b2,r−1
−→ S(−d) ⊕ S(−r)b1,r−1 −→ J −→ 0. (7)
In particular, it has the shape predicted by the MRC.
Remark 3.7. Fix s with Pd(r − 1)  s < Pd(r) and r  d + 1, and set νr(s) := Pd(r) − s. As it was
pointed out in Remark 3.3 and in Remark 3.6, for Case 1 of Proposition 3.2 and for Case 2 of Propo-
sition 3.4 we already know that the shape of the full minimal free resolution of J and hence of
I = J R is the one predicted by Mustat¸aˇ’s conjecture. On the other hand, notice that in Proposi-
tion 3.2, Case 2 and in Proposition 3.4 we can consider the same general form f ∈ k[x0, x1, x2]
of degree d producing an irreducible generically smooth surface X ⊆ P3. X is a cone with vertex
p = (0,0,0,1) over the plane curve f (x, y, z) = 0. Moreover, the 0-dimensional schemes Z ⊂ X of
length s and support p constructed in Proposition 3.2, Case 2 (and, hence, satisfying IGC) as well as
the 0-dimensional schemes Z ⊂ X of length s and support p constructed in Proposition 3.4, Case 1
(and, hence, satisfying Cohen–Macaulay type conjecture) are parameterized by a non-empty open sub-
set of the Grassmannian Gr(νr(s), (S/( f ))r). Since Gr(νr(s), (S/( f ))r) is an irreducible variety, these
open sets of Gr(νr(s), (S/( f ))r) obtained by semicontinuity from both of the propositions should meet
and we are able to conclude the following theorem.
R.M. Miró-Roig, J. Pons-Llopis / Journal of Algebra 357 (2012) 304–318 315Theorem 3.8. Let s be an integer such that s  Pd(d), d  2. Then there exists a family of dimension
(d+2
2
)
of
irreducible generically smooth surfaces X ⊂ P3 of degree d for which WMRC holds, i.e. there exits a non-empty
open subset U s ⊂ Hilbs(X) such that for any [Z ] ∈ Us we have
b3,r−1
(
I(Z)
) · b2,r(I(Z))= b2,r−1(I(Z)) · b1,r(I(Z))= 0.
Proof. First, we choose an integer r such that
Pd(r − 1) =
(
r + 2
3
)
−
(
r + 2− d
3
)
 s < Pd(r) =
(
r + 3
3
)
−
(
r + 3− d
3
)
and as before we deﬁne
νr(s) := Pd(r) − s, ρr(s) := s − Pd(r − 1).
Since the case 3νr(s) < Pd(r+1)− Pd(r) and 3ρr(s) < Pd(r−1)− Pd(r−2) never holds we distinguish
3 cases:
Case 1: 3νr(s) Pd(r + 1) − Pd(r) and 3ρr(s) Pd(r − 1) − Pd(r − 2). We deﬁne νr+1(s) :=
(r+3
2
)−(r+3−d
2
)−3νr(s). It follows from Proposition 3.2 and Remark 3.3 that there exists a family of dimension(d+2
2
)
of irreducible generically smooth surfaces X ⊂ P3 of degree d and a non-empty open subset
Us ⊂ Hilbs(X) such that for any [Z ] ∈ Us we have a minimal free graded resolution of the following
type:
0 → R(−r − 3)ρr(s) → R(−r − 2)b2,r → R(−d) ⊕ R(−r)νr(s) ⊕ R(−r − 1)νr+1(s) → I(Z) → 0
where b2,r = b3,r + νr(s) + νr+1(s). We clearly have
b3,r−1
(
I(Z)
) · b2,r(I(Z))= b2,r−1(I(Z)) · b1,r(I(Z))= 0
and Z satisﬁes WMRC.
Case 2: 3νr(s) > Pd(r + 1) − Pd(r) and 3ρr(s) Pd(r − 1) − Pd(r − 2). By Propositions 3.2 and 3.4
and by Remark 3.7, there exists a family of dimension
(d+2
2
)
of irreducible generically smooth surfaces
X ⊂ P3 of degree d and a non-empty open subset Us ⊂ Hilbs(X) such that any [Z ] ∈ Us satisﬁes the
IGC and the CM-type conjecture. Since it satisﬁes the IGC and 3νr(s) > Pd(r + 1) − Pd(r), we have
b1,r−1(I(Z)) = νr(s) and b1,r(I(Z)) = 0. Since it satisﬁes the CM-type conjecture and 3ρr(s) Pd(r −
1) − Pd(r − 2), we have b3,r−1(I(Z)) = 0 and b3,r(I(Z)) = ρr(s). Therefore, I(Z) has the following
graded minimal free resolution
0 → R(−r − 3)ρr(s) → R(−r − 2)b2,r ⊕ R(−r − 1)b2,r−1 → R(−d) ⊕ R(−r)νr(s) → I(Z) → 0
where b2,r , b2,r−1 are determined by the equations:
b2,r + b2,r−1 = νr(s) + ρr(s) and d + 3ρr(s) = 2b2,r + b2,r−1.
Again we have
b3,r−1
(
I(Z)
) · b2,r(I(Z))= b2,r−1(I(Z)) · b1,r(I(Z))= 0
and Z satisﬁes WMRC.
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mark 3.6 there exists a family of dimension
(d+2
2
)
of irreducible generically smooth surfaces X ⊂ P3 of
degree d and a non-empty open subset Us ⊂ Hilbs(X) such that for any [Z ] ∈ Us we have a minimal
free graded resolution of the following type:
0 → R(−r − 3)ρr(s) ⊕ R(−r − 2)ρr−1(s) → R(−r − 1)b2,r−1 → R(−d) ⊕ R(−r)νr(s) → I(Z) → 0
where ρr−1(s) = Pd(r−1)− Pd(r−2)−3ρr(s) and b2,r−1 = νr(s)+ρr(s)+ρr−1(s). Therefore, we have
b3,r−1
(
I(Z)
) · b2,r(I(Z))= b2,r−1(I(Z)) · b1,r(I(Z))= 0
and Z satisﬁes WMRC. 
Remark 3.9. Notice that, thanks to Theorem 3.8, for every s Pd(d) we managed to ﬁnd an open sub-
set Vs of the projective space Y := P(d+22 )−1 = Proj(k[x0, x1, x2]d) in bijection with irreducible normal
surfaces X ⊂ P3 and for each [X] ∈ Vs a non-empty open subset Us ⊂ Hilbs(X) such that any [Z ] ∈ Us
satisﬁes
b3,r−1
(
I(Z)
) · b2,r(I(Z))= b2,r−1(I(Z)) · b1,r(I(Z))= 0.
Since
⋃
s(Y \Vs) does not cover the whole of Y we can conclude that there exists a dense subset of
Y parameterizing surfaces for which WMRC holds for any s Pd(d).
In the following proposition we want to point out that in the case of a smooth cubic surface we
have the following strong result.
Proposition 3.10. Let X ⊂ P3 be any smooth cubic surface and let s be an integer, s Pd(3). Then, Mustat¸aˇ’s
conjecture holds for a general set Z ⊂ X of s points.
Proof. First we choose an integer r such that
3
2
(r − 1)r + 1 = Pd(r − 1) s < Pd(r) = 32 r(r + 1) + 1.
Set m(r) := 32 r(r−1)+r and n(r) := 32 r(r−1)+2r. Let Zn(r), Zm(r) ⊂ X be sets of n(r) and m(r) general
points on X , respectively. By [3, Theorem 3.2], I(Zn(r)) and I(Zm(r)) have the following minimal graded
free resolutions:
0 −→ R(−r − 3)2r−1 −→ R(−r − 2)3r −→ R(−r)r+1 ⊕ R(−3) −→ I(Zn(r)) −→ 0
and
0 −→ R(−r − 3)r−1 −→ R(−r − 1)3r −→ R(−r)2r+1 ⊕ R(−3) −→ I(Zm(r)) −→ 0.
In particular,
b3,r−1
(
I(Zn(r))
)= b2,r−1(I(Zn(r)))= b1,r(I(Zn(r)))= 0
and
b3,r−1
(
I(Zm(r))
)= b2,r(I(Zn(r)))= b1,r(I(Zn(r)))= 0.
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b3,r−1
(
I(Zs)
)= b2,r−1(I(Zs))= 0
for a general set Zs of s, n(r) s < Pd(r), points on X . Therefore, for any general set Zs of s, n(r)
s < Pd(r), points we have b3,r−1(I(Zs)) · b2,r(I(Zs)) = b2,r−1(I(Zs)) · b1,r(I(Zs)) = 0 and Zs satisﬁes
Mustat¸aˇ’s conjecture.
Applying reiteratively Lemma 2.12, we get that
b2,r
(
I(Zs)
)= b1,r(I(Zs))= 0
for a general set Zs of s, Pd(r − 1)  s m(r), points on X . Therefore, for any general set Zs of s,
Pd(r − 1) sm(r), points we have b3,r−1(I(Zs)) · b2,r(I(Zs)) = b2,r−1(I(Zs)) · b1,r(I(Zs)) = 0 and Zs
satisﬁes Mustat¸aˇ’s conjecture.
Finally, applying again Lemma 2.12, we get that
b3,r−1
(
I(Zs)
)= b1,r(I(Zs))= 0
for a general set Zs of s, m(r) s n(r), points on X . Therefore, for any general set Zs of s, m(r) s
n(r), points we have b3,r−1(I(Zs)) ·b2,r(I(Zs)) = b2,r−1(I(Zs)) ·b1,r(I(Zs)) = 0 and Zs satisﬁes Mustat¸aˇ’s
conjecture which completes the proof. 
We would like to end the paper with some comments which naturally come up from our work.
First, we would like to remark that the existence of level set of points can be used, through Serre
correspondence, to construct Ulrich vector bundles on the ambience surface (see for instance [16]).
Second, we would like to extend Proposition 3.10 (and hence Mustat¸aˇ’s conjecture) to any general set
Z of s, s  P X (d), distinct points on any smooth surface X ⊂ P3 of degree d  4 or on any smooth
hypersurface X ⊂ Pn of degree d  2. Finally, we would like to extend Theorem 3.8 and prove that
WMRC holds for inﬁnitely many hypersurfaces (and even more complete intersection varieties) in Pn .
So, we will discuss if our approach extends to a more general set up. Proposition 3.4 nicely generalizes
and we have
Proposition 3.11. For any s 
(d+n
n
)− 1, there exists a (d+n−1n−1 )-dimensional family of irreducible generically
smooth hypersurfaces X ⊂ Pn of degree d and a non-empty open subset U s ⊂ Hilbs(X) such that any [Z ] ∈ Us
satisﬁes the CM-type conjecture.
Nevertheless, in order to generalize Proposition 3.2 from a surface in P3 to a hypersurface in
Pn , we need ﬁrst to face up the Fröberg conjecture for ideals I ⊂ k[x0, x1, . . . , xn], n  3, generated
by general forms f1, . . . , fr of degree d1, . . . ,dr , which as far as we know is still an open problem
(see [5]).
Moreover a generalization of Propositions 3.2 and 3.4 will determine the beginning and the end
of the minimal graded free resolution but not the full resolution because the projective dimension of
the quotient k[x0, x1, . . . , xn]/I(Z) increases and we do not have control on the intermediate graded
Betti numbers.
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